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Optimal Trajectories and Linear Control of Nonlinear Systems

ANDREW H. JAZWINSKI*
Martin Company, Baltimore, Md.

The previously reported successive-approximations scheme, based on the adjoint system,
for the integration of the nonlinear variational two-point boundary-value problem is extended
here to problems in which the initial and terminal boundary conditions are general functions
of the problem variables, thus permitting the treatment of a general Mayer problem. In-
equality constraints, which may, but need not, explicitly depend on the control, are included.
The linear relationship (a Green's theorem) used in the successive approximations procedure
also yields the linear feedback control law in the neighborhood of an optimal nominal tra-
jectory (neighboring extremal control). The adjoint system is equivalent to previous analyses
based on the second variation of the calculus of variations, and the feedback control scheme
derived here is similar. The present method of constructing the feedback gains for certain
neighboring extremal control problems involves less computation than previous methods.
Numerical examples of both the optimization and control schemes are presented for planar
rocket maneuvers outside the earth's atmosphere.

Introduction

NUMERICAL schemes of the steepest-descent type are
now well known and widely used in obtaining approxi-

mate optimal open-loop control programs for nonlinear
systems. These schemes involve successive approximations
to the control program. They generally converge very ade-
quately on the terminal constraints but often yield control
programs which poorly approximate the Eulerian control
(the solution of the variational boundary-value problem).
In addition, steepest-descent schemes exhibit poor con-
vergence properties as the optimal trajectory is approached,
although ingenious modifications have been devised to im-
prove the convergence.1'2

On the other hand, efforts to solve the variational boundary-
value problem have met with difficulties because of the ex-
treme sensitivity of the Lagrange multipliers whose initial
values have to be determined in successive approximations
to- the problem. Methods based on numerical differentiation
(i.e., repeated integration of the boundary-value problem to
determine the effect of changes of initial values of the La-
grange multipliers on terminal boundary conditions) present
fundamental difficulties, since differentiation is one of the
most inaccurate numerical procedures.

Recently, Jurovics and Mclntyre3 and this author4 pro-
posed a rapidly convergent successive approximations
scheme, based on the adjoint system, for the integration of
two-point boundary-value problems. Here the sensitivities
are computed by integration. The solutions to the adjoint
equations (adjoint to the variational boundary-value problem
that includes the equations of state and the Euler-Lagrange
equations) are Green's functions that linearly relate per-
turbations in initial and terminal boundary conditions.!
The work previously mentioned is an extension of the work
of Goodman and Lance5 to boundary-value problems with
one unknown boundary, which is the form of the variational
boundary-value problem. This work is extended here to
problems in which the initial and terminal boundary condi-
tions are general functions of the problem variables, thus per-
mitting the treatment of a general Mayer problem. In
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f References 8 and 11 obtain these sensitivities by integrating
the perturbation equations of the boundary value problem.

equality constraints (which may, but need not, involve the
control) are reformulated6 as terminal constraints in the
optimization scheme.

Open-loop control programs are clearly inadequate for
actual implementation, since deviations from the optimal
trajectory will invariably occur because of external and internal
disturbances. A feedback control scheme is required. If
an optimal nominal trajectory is predetermined, it is clearly
desirable to follow a trajectory that is optimal in the same
sense as the nominal when disturbances force the system
from the nominal path. Recently, Kelley7 and Breakwell,
Speyer, and Bryson8 proposed a feedback control scheme
that preserves optimality and provides terminal control for
small deviations from the optimal nominal path. This
scheme involves linear approximation to neighboring ex-
tremals (neighboring extremal control) and involves in its
development the second variation of the calculus of variations.

The open-loop optimization scheme presented here leads
easily to the derivation of the matrix of linear, time-varying
feedback gains for neighboring extremal control. The
derivation is simple and intuitive. When the open-loop
optimization problem is solved, all the components required
to construct the feedback gains are available. In comparison
with the scheme proposed in Ref. 8, less computation is re-
quired in constructing the feedback gains for neighboring
extremal control to a neighboring end point, which is the
most general form of the control problem treated.

The analysis presented here is formal. The existence and
continuity of appropriate derivatives are assumed. In par-
ticular, it is assumed that the optimal nominal trajectory
is nonsingular, which excludes systems linear in the control.

Numerical examples of both the optimization and control
schemes are presented for planar rocket maneuvers outside
the earth's atmosphere. Typical convergence properties of
the optimization scheme for this type of problem are shown.
A simple example demonstrates the inadequacy of steepest
descent in generating a Eulerian open-loop control.

I. A General TVo-Point Boundary-Value
Problem

We formulate the problem in terms of the nonlinear, first-
order, ordinary vector differential equation

z = F(t, z) (1)

where z is a 2n vector { and t the scalar independent variable,
J Vectors are column vectors unless otherwise specified.
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which will be referred to as time. The initial boundary fo
will be assumed known, whereas the terminal boundary t{
will be an unknown. The 2n + 1 boundary conditions are

But

g(t0,
h(tlf (2)

where g is a p vector and h is a 2n — p + 1 vector.
Initially, z(l0) is chosen so as to satisfy the initial boundary

conditions g = 0, and Eq. (1) is integrated forward (fo -> ft) to
some terminal time ft. We thus obtain a solution z(t) that,
in general, will not satisfy the terminal boundary conditions
h = 0. We therefore consider linear perturbations from the
reference solution z(t).

The linear perturbation equations are

dz = [dF/<)z}dz (3)

where

dz(t) = z(t) -

and the matrix of partial derivatives is to be evaluated along
the reference solution. The equations adjoint to Eq. (3) are

X = -[dF/d^X (4)§

Equations (3) and (4) possess the property

: . : , . ; - •• d/dt (\Tdz) = 0 (5)

Integrating Eq. (5) from to to ft, we obtain

5o) = 0 (6)

We wish to vary the terminal boundary ft, since in general ft ^
ft. To the first order, the total perturbations in the de-
pendent variables at ft are given by

(7)= 5s(ft) + z(ft)dft

Equation (6) therefore becomes

- 0 (8)

As yet, no boundary conditions have been specified on the
adjoint equation (4). Integrate Eqs. (4) 2n — p + 1 times
backward from ii to tQ with the initial conditions

2X(ft) =

2n-p+lX(ft) — (9)

Clearly, Eq. (8) holds for each integration. Consider the first
integration. From Eq. (8) we have

Therefore, from the 2n — p + 1 integrations we obtain

(10)

Each of Eqs. (10) is a Green's theorem in the plane. The
components of ,-X(fo) are Green's functions, which relate per-
turbations in initial values of the dependent variables to the
change dhi(li). Since Eqs. (10) are based on a linearization
about a reference solution, we expect accurate results for
sufficiently small perturbations. If the boundary-value
problem posed in Eq. (1) were linear, Eqs. (10) would hold
exactly for all perturbations 8z(tQ).

Not all the perturbations 8zi(to) are independent. They
are related through the initial boundary conditions g = 0,
since it is required that

where
= 0 (H)

#1 ' ' ' d22n_ to

Equations (11) may be solved for p of dzi(t0) in terms of the
2n—p remaining dzi (fo). 1 p of the dzi (fe) is therefore eliminated
from Eqs. (10), and these then represent 2n — p + 1 equa-
tions in the 2n — p +' 1 unknowns: dft and 2n — p initial
perturbations dzi(to), assuming the dhi to be specified.

We therefore have a systematic way of improving the initial
choice of z(tQ) and ft so as to satisfy the desired terminal
boundary conditions h = 0. Having obtained the reference
solution z(f), we integrate the adjoint equations (4) 2n — p + 1
times backward in time with "initial" conditions (9). Next
we solve Eqs. (11) for p of the 5zi(to) and eliminate these from
Eqs. (10). We then specify the desired changes in terminal
boundary conditions

dhi(ti) = —Cihi(ti) no sum on i 0 < c* < 1
and solve Eqs. (10) for dti and the 2n — p remaining dzi(tG).
Next obtain an improved reference solution with

§ Superscript T denotes the transpose.

This solution will come closer to satisfying the terminal condi-
tions h = 0, provided the constants c»- are sufficiently small.
The process is repeated several times until the terminal
boundary conditions are satisfied to an acceptable tolerance.
If, on any given iteration, h(ti) diverges (i.e., moves away from
h = 0), the constants d are scaled down until a new reference
solution, better than the old one, is obtained.

A discussion of the convergence properties of this succes-
sive approximations scheme will be deferred to a later section
dealing with some examples.

In the foregoing analysis, the system of Eqs. (1) was in-
tegrated to some time ti ^ ti with initial conditions consistent

IT If p < 2n, Eqs. (11) always possess a nontrivial solution.
If p = 2n,det[dg/dz] cannot vanish since the boundary conditions
must be independent, so that dz (to) = 0. The boundary-value
roblem then degenerates to an initial value problem.
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with g = 0. The successive-approximations scheme [Eqs.
(10)] involves successive approximations to the terminal
time tij as well as the initia Iconditions, and requires 2n — p + 1
integrations of the adjoint equations (4). Alternately, one
might choose one of the terminal boundary conditions, say
hin-p+i = 0, as a stopping condition to determine the terminal
time. In this case, only 2n — p integrations of the adjoint
system (4) are required. Since h^n-p+i = 0, we have

&h2n-p+l~\

~^J - dti == 0

and, if Eqs. (4) are integrated 2n — p times with boundary
conditions,

i = 1, . . . , 2n - p (90
it is easy to show that the analog of Eqs. (10) is

<Xr(fc)fe(fo) = dhi i = 1, . . . , 2n - p (100
This approach may be useful in some problems since it in-
volves one less integration of the adjoint system than the
scheme outlined. We are tacitly assuming, however, that
the stopping condition can be attained with the guessed
initial conditions.

II. Variational Boundary- Value Problem

The variational boundary-value problem will be formu-
lated in the Mayer form.9 It is required to determine the
m vector of control variables u(t)t t0 < t < ti (to given), which
minimizes the scalar function of terminal values

J[ti,x(ti] (12)
subject to the n differential constraints (equations of state)

x = f(t, x, u) (13)
the inequality constraints

«(*, x,u) <Q (14)
P(t, x) < 0 (15)

where a and |8 may be vectors as long as the constraints are
consistent and subject to the end conditions

0
0

(16)
(17)

where £ is an r vector, and ^ is a q vector (q < 2n — r + 1).
Before proceeding to formulate the variational boundary-

value problem, we shall dispense with the inequality con-
straints [Eqs. (14) and (15)] in the following manner. Simi-
larly to Ref . 6, we define

(19)
4(t, x) fti > 0

10, ft < 0
and add the following differential constraints to the problem

0 = 0 (20)
w = $ (21)

as well as the end conditions
y(to) = y(ti) = 0 w(tQ) = w(tj = 0 (22)

We note that <j)i and fa are three times continuously differ-
entiable in all arguments at ai = 0 and ft = 0, respectively,
if ai and ft are.

End conditions (22) are clearly equivalent to the inequality
constraints (14) and (15) since <jn and \j/i are nonnegative.
In practice it is difficult, if not impossible, to obtain y(ti) = 0
and w(ti) = 0 exactly in problems with a = 0 and /? = 0 sub-

arcs. This means that inequality constraints (14) and (15)
will not be satisfied exactly. Small violations of these con-
straints will occur. It is clearly possible to formulate con-
straints (14) and (15) so that small violations are acceptable.
We will see in Sec. Ill that such small violations are necessary
so that this formulation of inequality constraints can be used
in neighboring extremal control.

This formulation of inequality constraints has increased
the dimension of the state x by the dimension of y plus the
dimension of w. End conditions (22) are, however, of the
form (16) and (17), so that, without loss of generality, we
may now treat the Mayer problem defined by Eqs. (12, 13,
16, and 17).

The Euler-Lagrange equations that must be satisfied on
the extremal are

where
-= 0

(23)
(24)

and jiti are the n Lagrange multipliers. Further, the follow-
ing boundary conditions must be satisfied. At fo we must
have

= 0

= 0

(25)

(26)
where

Equations (25) and (26) have the following interpretation.
Equation (26) is solved for r of the dxi(to), and these are elimin-
ated from Eq. (25). The coefficients of the remaining n — r
dxi(to) are then set equal to zero in Eq. (25), thus yielding n
— r initial boundary conditions on the Lagrange multipliers.

At ti we must have

[5«/~
dx_

where

+ dh +

= 0

= 0 (27)

(28)

()Xn til-
Jj
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Equations (27) and (28) have the following interpretation.
Equation (28) is solved for q of the dxi(ti)} dti, and these are
eliminated from Eq. (27). The coefficients of the remaining
n + 1 — q dxi(ti), dti are then set equal to zero in Eq. (27), thus
yielding n + 1 — q terminal boundary condition involving
the Lagrange multipliers.

The variational boundary-value problem therefore consists
of the 2n differential equations (13) and (23), where the con-
trols u(t) are determined from Eq. (24). The boundary
conditions are as follows: r initial conditions specified in
Eq. (16) and n — r initial conditions arising from Eqs. (25)
and (26)—a total of n initial conditions; q terminal condi-
tions specified in Eq. (17) and n + 1 — q terminal condi-
tions arising from Eqs. (27) and (28)—a total of n + 1 termi-
nal conditions. We therefore have a total of 2n + 1 bound-
ary conditions, and the variational boundary-value problem
is exactly of the form treated in Sec. I with the identifications
ZT = [XT, fjiT] and p = n.

We now write down the 2n equations adjoint to the linear
perturbation equations of the variational boundary-value
problem [see Eq. (4) ], noting that

/ = /M, u(t,x, /i)]
since the control is implicitly eliminated via the Euler-
Lagrange equations in the controls (24). Let the 2n vector
of adjoint variables X be

/

The two matrices of partial derivatives,
are obtained from differentiation of the Euler-Lagrange equa-
tion (24) in the controls

r aw 'TWHi
dzJ Lc)M2 J

0 (30)

(31)

Assuming [d2#/dw2] is nonsingular, which excludes extremals
with singular subarcs, we obtain

f— T = -
Lc)xJ ~ L

(32)

(33)

~ '.dij + \Jbxdu.

The final form of the adjoint equations becomes
T ! |"d2ff"] [" &H "| |~d2#"| ~] [" <52H "[

( |_ vt- _j L_vy»i/vx w/_| l_ _J L_ _J

^ &
(34)

\ =
X"

then

\n

Xn+1

(29)
where H = nTf = Hamiltonian

— -

d2#

It is observed that the upper left-hand partition of the matrix
in Eq. (34) is just the negative transpose of the lower right-
hand partition. The lower left-hand and upper right-hand
partitions are symmetric.

Equations (34) are integrated n + 1 times each iteration
[i.e., each time Eqs. (10) are used to determine an improved
set of initial conditions and terminal time], since n + 1
terminal boundary conditions are specified for the variational
boundary-value problem. It is clear that for fixed time vari-
ational problems only n integrations are required. In this
case there are n terminal boundary conditions, Eqs. (10)
are n in numbers, and dti = 0. In general, only n integra-
tions of Eqs. (34) are required if one of the terminal boundary
conditions is singled out as a stopping condition [see Eqs. (9')
and (10')].

We note that the requirement that [d2#Ydi/2] be nonsingu-
lar excludes systems linear in the control. Magnitude con-
straints on the control variables/which are a special case of
constraints (14), can be handled within the general frame-
work discussed previously.

III. Linear Neighboring Extremal Control

The analysis in Sees. I and II enables us to determine the
open-loop control u(t) for a wide class of optimization prob-
lems. Here we are interested in linear feedback control, in
the neighborhood of an optimal nominal trajectory, in the
presence of small disturbances. We assume that the state
can be measured exactly, thus avoiding the filtering problem.
We will see that once having solved the open-loop problem
by the method of Sees. I and II, we have all the ingredients
necessary to construct the matrix of linear, time-varying,
feedback gains for neighboring extremal control.

Assume that the open-loop problem has been solved. We
recall that the first n boundary-value problem variables are
the state variables x(t), and the second n boundary-value
problem variables are the Lagrange multipliers fj,(t). We
also recall that n initial boundary conditions and n + 1
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terminal boundary conditions are imposed on the variation al
boundary-value problem. (If final time ti is specified, n
terminal boundary conditions are given.) We now dis-
tinguish between the end conditions imposed (17) and the
terminal boundary conditions arising from the variational
formulation (27) and (28) and write the n + 1 terminal
boundary conditions

(35)

Equations (10) may therefore be written

g+i \*T(t)dx(t)
(36)

where the initial time to has been generalized, since any time
may be considered as initial time. If we set drj = d£ = 0
in Eq. (36), we clearly have relations between instantaneous
perturbations in the state, the Lagrange multipliers, and
terminal time on neighboring extremals to the same end
point. (In what follows, we could allow drj ^ 0 and con-
sider neighboring extremals to a neighboring end point, but
this is a very trivial extension.)

Without loss of generality, we assume f n+i(£i) ^ 0 and solve
for dti:

+ (37)

and eliminate dti from the remaining Eq. (36). Defining

uf*\»(t) ~ T//\(t)

we obtain

A:(i) Sx(() + A2(i)
and assuming Aa to be nonsingular,ft

5n(t) = -Arl(t)k

= 0 (38)

(39)

** The form of the rows of matrices AI and A2 motivates the
choice of boundary conditions on the adjoint variables in Eq. (90-

ff This inversion will be discussed in a later section dealing
with numerical results.

On a neighboring extremal, the perturbed Euler-Lagrange
equations in the controls (24) hold

(4°)
Eliminating <5/z with the aid of Eq. (39), we obtain

du(t) = G(t) dx(t)

where

!#-]_RfTG(t) = - T A2-i

(41)

(42)

is the matrix of. linear, time-varying, feedback gains for
neighboring extremal control. Here we have again as-
sumed the nonvanishing of det [d*H/du2].

If neighboring extremal control to a neighboring end point
is desired [dy ^ 0 in Eqs. (36)], it is very easy to show that
the control law (41) becomes

where

Su(t) = G(t)dx(t) + N(t)drj'

= [din, - - • , driii, 0, . . . , 0]

(410

# (*) = - hr~?

Here d?7T = [drji, . . . , drjg] defines the neighboring end point
and may be specified (or changed) anywhere along the system
(13) trajectory as the control requirements change.

As was asserted earlier, all the components necessary to
construct G(t) and N(t) are available from the boundary-
value problem solution. It is noted that G(t) and N(t) are
evaluated, at frequent enough intervals of time to describe
them as continuous functions, along an optimal nominal
trajectory. This is done prior to the control scheme im-
plementation, i.e., not in real time. The method of imple-
mentation of this scheme has been amply discussed in Ref. 8
and will not be repeated here.

This scheme [Eqs. (35-42)) of constructing the gains re-
quires n + I integrations of the adjoint equations (34),
solutions that are available from... the boundary-value
problem solution. If one of the terminal boundary con-
ditions is used as a stopping condition, then Eq. (10') re-
places Eq. (36), and only n solutions of the adjoint equations
are required. The number of required adjoint solutions is the
same for neighboring extremal control to the same end point
(41) and to a neighboring end point (41').

In the scheme proposed by Breakwell, Speyer, and Bryson,8
a system adjoint to the adjoint equations (34), i.e., the per-
turbation equations, is integrated n + q times to obtain the
gains for neighboring extremal control to a neighboring end
point. Here q is the number of end conditions (17) defining
the end point. The present scheme therefore requires q — I
[q if Eqs. (100 are used] fewer integrations of an equivalent
system of equations. This represents a considerable com-
putation time saving, as Eqs. (34) are quite involved even
for the simplest problems.

A further simplification results in minimum time problems.
For minimum time problems, it can be shown that

= -vT(t)8x(t) (43)

to the first order. It is convenient to use this relation to
eliminate dti from Eqs. (36) when the Lagrange multipliers
can be scaled to trade a terminal boundary condition for an
initial boundary condition (for the variational boundary-
value problem), as is done in the example of Sec. V. In this
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u Fig. 1 Brachistochrone
problem.

case, n integrations of the adjoint equations are required,
and the gains matrix becomes

where

The last boundary condition in Eq. (35) has been eliminated,
and therefore the last of Eqs. (36) is absent in this case.

An evident shortcoming of the control scheme outlined
previously is that there are no gains for times greater than
the nominal terminal time, i.e., for dt\ > 0. Also, the gains
often become unbounded at the nominal terminal time, as
will be seen in the example of Sec. VI. When this occurs, the
linearity assumptions on which the foregoing analysis is
based are clearly violated. These shortcomings may be
quite serious if dti is positive and large on a particular
trajectory. These terminal aspects of the present control
scheme require further investigation.

Before proceeding to numerical examples of the optimiza-
tion and control schemes, we point out the implications of
the formulation of inequality constraints on the control im-
plementation. If, for example, one constraint of the form
(14) is imposed, then the dimension of the state is increased
by one, specifically,

XT =

5xT =

i, . . . , xn, yi

i, . . . , 8xn,

which is required in the control law. If more constraints
are imposed, their associated differential equations (20) and
(21) must also be integrated. These equations are generally

-13TH ITERATION

1ST ITERATION

NOMINAL

0.5 1.0

TIME, t

1.5

GM 1.408142 x 1016 ft3/sec2

7

Fig. 3
R = 2.09029 x 10 ft

Planar rocket motion.

very simple, and their integration does not appear to pose a
serious problem. Because of the formulation of inequality
constraints (18-22), the trajectory is insensitive to the con-
straints unless a violation actually occurs. Small violations
of the constraints must therefore be present on the nominal
trajectory so that it will be sensitive to violations on a neigh-
boring trajectory.

Handling inequality constraints in this way eliminates the
problem of determining which constraint is operative and
when to leave one and follow another, when more than one
constraint is present.

IV. A Brachistochrone Problem

It is interesting to observe the inability of a steepest-
descent optimization scheme to generate a Eulerian control
even for a simple brachistochrone problem. We seek the
shape of a "frictionless tube" joining point 0 to point 1 (see
Fig. 1) such that a particle falling through this tube in a con-
stant gravitational field will do so in a shorter time than
through any other such tube joining these two points. This
tube will be "shaped" with the aid of a horizontal velocity
component u(t).

Energy must be conserved, so that

v2 = 2gy
where g is the constant gravitational acceleration, taken as
5 in this problem. But

(45)

so that the equations of state are

x = u

y = (2gy - u2)l/2

The particular problem considered here is to find that control

/ Fj = 1500

ITERATION/ ' (DESIRED OPTIMUM)

10-
ALTITUDE,

h (FT x 10"6)

DESIRED END CONDITIONS: 44,838 42.990 17.078
END CONDITIONS OBTAINED: 44,838 42.990 17.078

25 45

Fig. 2 Brachistochrone—control by steepest descent.

30 35 40

VELOCITY, V (FPSxlO" 3 )

Fig. 4 Minimum time to escape F, 7, h (h vs V plot).
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OPTIMAL
CONTROL, 0

-5-

500 1000

TIME (SEC)

Fig. 5 Minimum time to escape V, 7, h—control a.

u(t) that will result in a least time of fall from (XQ, yQ) = (0,
1) to fa, ft) = (5,8).

The Eulerian solution was obtained via the method de-
scribed in this paper and is marked "optimal" in Fig. 2.
Boundary conditions were satisfied to six significant figures.
A steepest descent was started with the nominal control
marked in Fig. 2. End conditions were satisfied rapidly,
but the control obtained from the thirteenth iteration does not
match the Eulerian control well. Further steepest-descent
iterations do not differ significantly from the thirteenth.
It is clear that the nominal control for neighboring extremal
control should not be obtained by steepest descent.

V. Optimal Planar Out-of-Atmosphere
Rocket Trajectories

The system model to be considered here and in the next
section is the planar motion of a rocket vehicle in an inverse
square field. The equations of motion may be written

T cosa GM
V —

7 -

m
Tsma

mv

(R + /02°
v cos7

(R+-h)

my

GM cos 7
(R + h)*v

(46)

, = v SU17

where v is the total velocity, 7 the flight path angle, h the
altitude, T the thrust, m the mass, GM the gravitational con-
stant times the planet mass, R the planet radius, and a the
angle between the velocity and thrust directions (see Fig. 3).
The state vector XT = (v, 7, h); the control u = a. Thrust
and mass are specified functions of time.

The Euler-Lagrange (23) and (24) and adjoint equations
(34) will not be written down because of their length. They
follow directly from the general forms presented in Sec. II.

We will be concerned here with minimum timefj problems
from a given initial to a given terminal state. Accordingly,
the end conditions (16) and (17) are

Xi(to) = V(to) = VQ

Xz(to) = 7 (to) = To
= h0

Xl(ti) = V!

xz(ti) = 71
zsfti) = hi

(47)

Equations (25) and (26) yield no initial boundary conditions.
Equations (27) and (28) yield the terminal boundary condition

where /*i, ju2, and /-i3 are the Lagrange multipliers associated
with the velocity, path angle, and altitude differential con-
straints (46), respectively. We take advantage of the linear-
ity and homogeneity of the Euler-Lagrange equations in the
Lagrange multipliers and scale those equations by s/Mi(fo),
where s is an arbitrary positive constant. Denoting the
scaled multipliers by a bar, we see that

= [S/MI(«O)] X fJii(to) = 8 (49)
We take condition (49) instead of (48) as the seventh bound-
ary condition. Since £0 = 0 is specified, the seven required

it For nonvanishing thrust, this is equivalent to minimum
fuel expenditure or maximum payload.

OPTIMAL

+180-

+150-

+120-

+90-

+60

+30

EG) 0-

-30-

-60-

-90.

-120-

-150.

-180-

100- TO 2CO-NAUT Ml ORBITS

t, = 669 SEC

100 300 400 500
TIME (SEC)

600

Fig. 6 Circular orbits transfer.

boundary conditions are (47) and (49). We can recover the
actual values of the Lagrange multipliers via (48), since

To demonstrate the convergence of the present optimiza-
tion scheme, consider the problem of steering a 100-lb vehicle
with a constant thrust of 30 Ib and a fuel flow rate of 0.05 lb/
sec (7.p = 600) from a circular orbit around the earth at an
altitude of T^ earth radius to the escape end conditions given
in Fig. 4. An initial guess of final time and the two Lagrange
multipliers £2(fo) and /zs(fo) resulted in the trajectory marked
nominal in Fig. 4. Subsequent improved trajectories are
shown. The desired end conditions were satisfied to six
significant figures on the thirteenth iteration. The optimal
control (thirteenth iteration) is given in Fig. 5. In the
iteration procedure, the desired changes in end conditions
dhi(ti) were initially set at —0.2 /&t-(&). The constant 0.2
was systematically increased to 1.0 in subsequent iterations.

The convergence shown for this example is typical of out-
of-atmosphere rocket trajectories in two and three dimen-
sions. A good initial guess of the initial values of the La-
grange multipliers is not required. The present scheme is
extremely effective for this type of problem and is superior
to steepest- descent procedures in terms of rates of convergence
and total computing time. This scheme has yet to be fully
tested for dissipative systems, such as atmospheric rocket
trajectories, where serious instabilities may arise. In such

1.2-

i.o

ALTITUDE, h
100 TO 200 NAUT Ml ORBITS

hQ = 0.60761 X 106 FT

25.0 25.1 25.2 25.3 25.4 25.5 25.6 25.7

VELOCITY, V (FPS X 10"3)

Fig. 7 Optimal circular orbits transfer—h vs V plot.
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E 6

5

t1 = 289.746 SEC

(MINIMUM TIME)

25,508.4 FT/SEC

738,187 FT

V(t0)=4283.86FT/SEC

= 31.4567°

= 113,672 FT

4 6 8 10 12 14 16 18 20 22 24 26

VELOCITY, V X 10~3 (FT/SEC)

Fig. 8 Optimal nominal circular orbit injection (h vs V
plot).

problems, extremely accurate integration of the adjoint
equations is required.

As a further example, a minimum-time circular orbit
transfer was computed for a 200-lb vehicle with the same
thrust characteristics as those of the previous problem. The
optimal control is given in Fig. 6. The optimal control is
continuous, contrary to a previous report in the literature.3'10

An altitude-velocity plot of the optimal trajectory is shown
in Fig. 7. It may be mentioned that all the optimal controls
shown in this paper satisfy the Legendre-Clebsch necessary
condition.

VI. Neighboring Extremal Control of Circular
Orbit Injection

Here we consider a circular orbit injection of a Nova class
second stage from first-stage burnout conditions. A con-
stant acceleration (T/M = 80.57 ft/sec2) vehicle is con-
sidered. The burnout conditions (at to = 0) and circular or-
bit end conditions are given in Fig. 8, which shows the optimal
(minimum-time) trajectory, which is to be used as the
nominal. [Planar motion is assumed; Eqs. (46) are the
equations of motion. ]

50 100 150 200 250~ ^300
TIME (SEC)

Fig. 9 Elements of gains matrix.

-EXACT AND APPROX (RUN 1)

-EXACT (RUN 3)

-NOMINAL

APPROX (RUN 3)

APPROX (RUN 1)-

NOMINAL-

EXACT (RUN 1)-

150 '200 250 300
TIME (SEC)

Fig. 10 Exact and approximate optimal control.

Since this problem involves one control variable, the gains
matrix is 1 X 3. The gains matrix of the form (44) is used.
The control law is

Mt) 1
57®
dh(t)J

(50)

The three gains are shown in Fig. 9.
It is noted that A4(^) = 0 in view of the boundary condi-

tions specified on the adjoint variables (9) which, for this
problem, are

1
0
0

0
1
0

0
0
0

0
0
1

0
0
0

(51)

This results in infinite gains at the nominal terminal time and
is due to the hard terminal constraints on velocity, path angle,
and altitude. A plausible explanation for this behavior is
that large controls are required to null even small errors in a
very short time. In practice, control bounds are, of course,
imposed, and, when near the terminal time, these bounds
are exceeded because of the growing gains; control is simply
held on the bound. Although a feasible solution to circum-
vent the difficulties, this procedure may result in poor termi-
nal control accuracy.

This control scheme was simulated on a digital computer
for several combinations of initial errors in velocity, path
angle, and altitude, given in Table 1. Control was termi-
nated at terminal times given by Eq. (43), which is a linear
estimate of the minimum time on the neighboring extremals.
The resultant terminal errors, terminal times, and the actual
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Table 1 Control runs

Run

1
2
3
4

8V0, fps

10.0
30.0
50.0
75.0

Initial errorsa

570, deg

0.5
1.0
2.0
3.0

Terminal errors
dho, ft

100.0
300.0
500.0
700.0

dVi, fps

0.3
3.1
0.6

-3.9

dy\, deg

0.005
0.056
0.054
0.079

dhi, ft

-1.0
8.0

35.0
53.0

Terminal
time,
sec

289.565
289.236
288.874
288.441

Minimum
time,
sec

289.568
289.253
288.910
288.588

°Error = actual — optimal nominal.

minimum times on the neighboring extremals for each given
set of initial errors are also given in Table 1.

The optimization scheme (discussed in Sees. I and II) is
extremely efficient in generating neighboring extremals for
slightly different initial (or terminal) boundary conditions.
Extremals were thus generated, with at most two iterations
each, for each set of initial conditions defined by the initial
errors in Table 1. The neighboring controls, as well as the
nominal control, are marked "exact" in Fig. 10. Also plotted
are the control programs using the control law (50). These
are marked "approximate."

It is seen that, with only one nominal trajectory, the neigh-
boring extremal control scheme is able to successfully handle
quite a wide range of initial errors. It is noted, however,
that control simulations with dh > 0 were purposely avoided.
A more systematic series of simulation, as well as a definition
of control system requirements, is necessary to define the
range of initial errors this control scheme can successfully
handle for a given control problem. It is of course possible
to use several nominal trajectories and their associated con-
trol gains if a very wide range of initial errors in state is
expected.

References
1 Stancil, R. T., "A .new approach to steepest-ascent trajectory

optimization," AIAA Preprint 63-223 (1963).

2 Kelley, H. J., Kopp, R. E., and Mover, H. G., "A trajectory
optimization technique based upon the theory of the second
variation/' AIAA Preprint 63-415 (1963).

3 Jurovics, S. A. and Mclntyre, J. E., "The adjoint method
and its application to trajectory optimization,7' ARS J. 32,
1354-1358(1962).

4 Jazwinski, A. H., ''Integration of two-point boundary
value problems with one unknown boundary/' General Dy-
namics/Astronautics, Rept. A-PD-113 (May 17, 1962).

5 Goodman, T. R. and Lance, G. N., "The numerical integra-
tion of two-point boundary value problems/7 Math. Tables
Other Aids Computation 10, 82-86 (April 1956).

6 Jazwinski, A. H., "Inequality constraints in steepest-descent
trajectory optimization/7 J. Aerospace Sci. 29, 1268 (1962).

7 Kelley, H. J., "Guidance theory and extremal fields/7

Inst. Radio Engrs. Trans. Auto. Control AC-7, 75-82 (October
1962).

8 Breakwell, J. V., Speyer, J. L., and Bryson, A. E., "Optimiza-
tion and control of nonlinear systems using the second vari-
ation/7 J. Soc. Ind. Appl. Math. Control Al, 193-223 (1963).

9 Bliss, G. A., Lectures on the Calculus of Variations (University
of Chicago Press, Chicago, 111., 1946), Chap. VII.

10 Jazwinski, A. H., "Optimum planar circular orbits transfer/7

AIAA J. 1,2674-2675 (1963).
11 Scharmack, D. K., "A modified Newton-Raphson method

for the control optimization problem/7 SIAM-AIAA-IMS-ONR
Symposium on Control and System Optimization, Monterey,
Calif. (January 1964).


	2: 
	1: 


